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CONTINUOUS MAXIMAL REGULARITY AND ANALYTIC 

SEMIGROUPS 



Abstract. In this paper we establish a result regarding the connection be- 
tween continuous maximal regularity and generation of analytic semigroups on 
a pair of densely embedded Banach spaces. More precisely, we show that con- 
tinuous maximal regularity for a closed operator A : Ei —> Eq implies that A 
generates a strongly continuous analytic semigroup on Eq with domain equal 
El. 

1. Introduction. In this paper we consider tlie following abstract inliomogeneous 
equation 

Here we are assuming that J :— [0, T] for a fixed T > 0, or J := M_|_ = [0, (x), and 
that A : D{A) C E'o — ^ -E'o is a closed, densely defined operator on the complex 
Banach space (i?Oi II • ||o)- It then follows that • |[i) ;= || ■ ||d(A))i 

equipped with the graph norm || • ||d(^), is also a complex Banach space and Ei is 
densely (continuously) embedded in Eq. We assume that f : J ^ Eq and uq G Eq 
are known, so that the unknown quantity in (I) is the function u : J Eq. We say 
that u is a classical solution to (1) on J if it G C(J, Eq) n C^(J, Eq) r\C{J, Ei) and 
u satisfies (1) for t G J := J\ {0}. 

In approaching this problem, it would be beneficial to know from the outset that 
the operator A generates a strongly continuous semigroup {e*"^ : t > 0} on Eq. 
Then one can derive an explicit representation for solutions to (1). More precisely, 
if a solution u of (1) exists then it is represented by the variation of parameters 
formula as ^ 

u(f) = e*^Mo+/ e(*-^)^/(T)dT for t e J, (2) 
Jo 

under the assumption that A generates a Co-semigroup. However, as we will show 
in our main result, one can do away with this assumption if the operator is known 
to satisfy the conditions of continuous maximal regularity. 
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In case A generates an analytic semigroup, sufficient conditions for continuous 
maximal regularity were first obtained by Da Prato and Grisvard [5]. The results 
contained in this paper show that the assumption of A generating an analytic semi- 
group is also necessary for the Da Prato- Grisvard result. 

The theory of maximal regularity has proved itself to be an indispensable tool 
in the analysis of nonlinear parabolic problems, and it has been used by many 
authors. In the case of continuous maximal regularity we just mention the references 
[6, 9, 10, 11, 14]. 

2. Maximal Regularity. In the remainder of this paper we will use the following 
notation: if Eq and Ei are Banach spaces we say that {Eq, i^i) is a pair of embedded 
Banach spaces if Ei C Eq and the natural injection i : Ei Eq is continuous. If, in 
addition, Ei is a dense subset of Eq then we call (Eq, Ei) a pair of densely embedded 
spaces. Suppose {Eq, Ei) is a pair of embedded Banach spaces and A : Ei —i' Eq is 
a linear operator. Then we can also interpret A : Ei (Z Eq ^ Eq as an unbounded 
linear operator on Eq with domain D(A) = Ei. It is then meaningful to say that 
j4 is a closed operator on Eq. For a given pair {Eq,Ei) of embedded Banach 
spaces we shall often consider linear operators A : Ei ^ Eq with the property that 
A € B{Ei,Eo) (i.e. A : Ei ^ Eq is a bounded operator) and the additional property 
that A is closed on Eq. These combined properties turn out to be equivalent to the 
fact that El and {D{A), \\ ■ \\d(A)) carry equivalent norms, see [1, Lemma 1.1.1.2]. 

Next we give a general definition of maximal regularity, and then move on to 
focus on the more specific continuous maximal regularity. 

Definition 2.1. Let J := [0,r] for T > 0, or J := R+ = [0,oo), and assume 
that {Eo,Ei) is a pair of densely embedded Banach spaces. Moreover, suppose that 
(Eo( J), El ( J)) is a pair of Banach spaces such that 

Eo(J) C LijoMEq) El (J) C Wl,,,{J,EQ)nLi^ioc{J,Ei). 

Define the trace operator 7 : Ei(J) — > Eq by "fu w(0) for u G Ei(J) and the trace 
space 7E1 by 

7E1 -.^ {x E Eq : X = 7U, for some u 6 Ei(J)}, 
||a;||^ := ||a;H^Ei := inf{||uj|Ei(j) : u 6 Ei(J) and ju = x}. 

For A £ B{Ei, Eq) we say that (Eo( J), Ei (J)) is a pair of maximal regularity for A 
if 

(1 ^ ^'^) ^ Isom(Ei(J),Eo(J) X 7E1). 

That is, (Eo( J), Ei( J)) enjoys the property of maximal regularity if, for every 
(/, x) e Eo(J) X 7E1, there exists a unique function u G Ei(J) such that u sat- 
isfies 

iu{t)~Auit)^fit) fort G J 
7M = u{0) ~ X 

and the mapping [{f,x) i— > u] is continuous. For a pair (Eo( J), Ei ( J)) of maximal 
regularity for A, we define the solution operator 



:Eo(J) ^Ei(J) by K^f := 
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We say that the pair enjoys the property of continuous maximal regularity if 

(Eo(J), Ei(J)) = {BUC{J,Eo),BUC^{J,Eo)r\BUC{J,Ei)). 

Here BUC{J, E) denotes the space of all bounded uniformly continuous functions 
u : J ^ E, and BUC^{J, E) stands for all functions in BUC{J, E) whose derivative 
also shares this property. In case J = [0,r] is a compact interval we will use the 
shorter notation C and in place of BUG and BUC^, respectively. We refer to 
[1] for more background information on maximal regularity. 

Notice that (Eo(J),Ei(J)) a pair of continuous maximal regularity for A implies 
existence of a unique classical solution u to (1) for every / € Eo(J) and x G Ei, 
since Ei and 7E1 coincide in this case, and there exists a positive constant M, 
independent of / and such that the estimate 

sup (||?i(t)||o + < M (sup \\fit)\\o + \\xh] (4) 

holds. Furthermore, it follows from Theorem 2.2 below and (2) that the solution 
operator produces the function 

/*e(*-")^/(r)dT for t e J. 
Jo 

The following theorem is a modification of a result by Dore [7] and Priiss [13], who 
demonstrated a proof in the case of Lp maximal regularity. 



Theorem 2.2. Fix T > (or T = 00) and J ;= [0,T] (or J ;= R+) and let 
{Eq, El) be a pair of densely embedded Banach spaces. If A ^ B{Ei, Eg) is a closed 
operator on Eq and 

(Eo(J),Ei(J)) = {BUC{ J, Ea), BUC\J, Eo) n BUC{ J, El)) 

is a pair of continuous maximal regularity for A, then A generates a strongly con- 
tinuous analytic semigroup on Eq. Moreover, in the case J = R_|_, it follows that 
s{A) < where s{A) :— sup{Re : /i G cr(A)} is the spectral bound of A. 

Proof. We begin by demonstrating the result for T < 00 and then wc extend to the 
unbounded interval R+. In particular, we show that there exist constants a; G K 
and > 1 so that 

e C : Rc ^1 > cj} C p{A) and ||(m - ^)~^||e(£;o) < T^TT for ^ > uj . 

i + |/-t| 

Claim 1: There exists Wi > sufficiently large so that the a priori estimate 

||a;||i + |/i|lia^l|o < CIK^i- A)x||o, x £ Ei, Rc^i>uji, (5) 
holds. In particular, (fi ~ A) : Ei Eq is injective for Re /i > wi . 

Let X G El, fi G C and set Vf^{t) := v^{t,x) = e^*x. Then G Ei(J) and 
satisfies 

v^{t) - Avf,{t) ^ gf,{t), Vf,{0) = x, 

where gi_i,{t) = e^^{^ — A)x G Eo(J). By assumption, we see that inequality 
(4) holds and implies 

supe^°^*(||x||i + ImIIIxIIo) < M (s^xve^''^'\\{^i - A)x\\q + . (6) 

teJ \teJ / 
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Now, choosing uji > large enough so that 2M < supe"^* we obtain 

te J 

||x||i + |M|||a;||o<2M||(^-A)a;||o, Rc fi>Lu,, (7) 
thus estabhshing the claim. 

Now let X 6 Ef), fi e C+ := {z G C : Re > 0} and define the functions 

Notice that continuity of the embedding Ei ^ Eq and continuity of Ka imply 
existence of positive constants ci and C2 so that 

sup ||u^(<)llo < Cl sup ||w^(i)l|l < CiIIu^IIei < C2|1/,J|eo = C2SUp \\f^,{t)\\o < C2\\x\\o . 

teJ teJ te.J 

In particular, we see that 

hpWIlo <C2||a;||o /ieC+, iGJ. (8) 

Also, for /X G C+ wc note that ft G C+ and define the functions : Eq ^ Ei and 
V^,:Eo^ Eo as 

Uf,x : = 2Re /i / e~'^*-Ufi{t,x) dt, 



(9) 



Claim 2: There exists 0^2 > sufficiently large so that (/i — A) : Ei Eq is 
surjective for Re /i > (^2 • 
First notice that 

converges to as Re /X 00. Sowefixaj2 > large enough that ||V^||b(-£;^) < i 
for Re fi > UJ2 ■ Multiplying the relation 

-j^Ufi{t, x) - Aufi{t, x) = e~^*a; 

by 2(Re/i)e~'^* and integrating over the interval [0,T] yields 

ifi ~ A)V^,x - (1 - e-2R°MT-) „ x G £;o, G C+ . 

Here we use the fact that A is a closed operator and so we are free to in- 
terchange A with integration. Therefore, choosing Re /i > W2 we conclude 
that (/X — Ai)\J is invertible by the Neumann series. However, invertibility of 
(/i — implies surjectivity of (/z — A) and so the claim is established. 

With claims 1 and 2 established, we see that choosing uj > ijJ\\J ijJ2 implies {/i G C : 
Re/i > w} C and the inequality 

11/ ^^-\^^ ^ 2A/(1 V Cl) 

< ReAi>u;, 

follows from (7). It is well known that these properties are sufficient for A to 
generate an analytic semigroup on i?o, c.f. [1, Theorem 1.2.2], which concludes the 
proof for the finite interval J = [0,r]. 

Now we consider the case of continuous maximal regularity on R-|_ . More precisely. 
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assume that (Eo(R+),Ei(K+)) = {BUC{R+,Eo),BUC\R+,Eo) n BUC{R+,Ei)) 
is a pair of maximal regularity for A. 

Claim 3: For any T > 0, (Eo(J),Ei(J)) is a pair of maximal regularity for A, 
where J = [0,r]. 

Note that any function / G C(J, Eq) can be extended to Ef S BUC{R+,Ea) 
by setting {Ef){t) = f{T) for t >T. Moreover, denoting by R the restriction 
operator to the interval J, we see that u := 7) {Ef,x) gEi{J) is a 

solution to problem (3) on J, for / G C{J, Eq) and x G Ei. It remains to show 
that this solution u is unique in Ei(J). In fact, it suffices to show that u = 
is the unique solution in Ei(J) to problem (3) with (/, x) — (0,0). By way 
of contradiction, suppose u G Ei(J) solves (3) with (/, x) = (0,0) and there 
exists<i G (0,r) such that w(ti) ^ 0. Then, defines (^-A, 7)"\o, ii(ti)), 
so that ?; G Ei(M+) and v satisfies i) — Av = on M_|_ and v{Q) = u{ti). Define 



u{t), iG[0,ti], 
v{t — ti), t G [ii, 00), 



and it follows that w G Ei(R_|_) and w satisfies (3) with (/, x) = (0,0), on . 
However, note that w{ti) = u{t\) ^ 0, so that w ^ 0, a contradiction. 



Thus, by Claims 1 and 2 above, we see that A generates an analytic semigroup on 
E^. It remains to consider the spectral bound s[A). 

Claim 4: The spectral bound of A is strictly negative, i.e. s{A) < 0. 

By assumption of continuous maximal regularity on and by Claim 3, there 
exists a positive constant M (independent of T > 0) such that 

\\u\\e^(j) < M(II/IIe„(j) + lla^lli), if,x) G Eo(J) x E^, 

for the solution u = - A,'^)^\Ef,x) of (3) on J = [0,T]. From this 

estimate, we conclude that inequality (6) holds for any T > and so Claim 1 
is true for oji = in this case. Furthermore, setting 

/>oo 

C/,iX:=2Re^/ e~'^*Ufi{t,x) dt and := 0, 

Jo 

we see that Claim 2 holds for uj2 = 0. Therefore, it follows that 
C+C p{A) and ||(/i- A)-1||b(£;„) < — Re^i>0. 

Since this estimate is uniform in Re// > 0, we conclude that the imaginary 
axis must be contained in the resolvent set of A and the estimate continues 
to hold for Re /X > 0. This implies that a (A) C [Re/t < 0] and s{A) < as 
claimed. □ 

Remark 1. (a) If the underlying Banach spaces Eq and Ei are real, we can apply 
Theorem 2.2 to the complexification of Eq, Ei and A. Then, by restriction back to 
the real case we derive results in the original, real-valued, setting. Hence, we lose 
no generality here by focusing on only the complex case. 
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(b) Suppose (C(J, £^0), C^{J, i?o)nC(J, Ei)) is a pair of maximal regularity for some 
A e B{Ei,Eo). Then by a result of Baillon [3] (see also [8]) either Ei = Eq, or Eq 
contains a closed subspace which is isomorphic to cq, the space of null sequences. In 
particular, if Eq is reflexive or weakly sequentially compact then continuous maxi- 
mal regularity cannot occur. 

(c) If one already knows that A generates a Co-semigroup on Eq, then DaPrato and 
Grisvard proved that continuous maximal regularity implies that A is the generator 
of an analytic semigroup, see also [1, Proposition III. 3. 1.1]. 

(d) For the reader's convenience we briefly describe a situation which shows that 
many interesting operators A give rise to continuous maximal regularity. Assume 
that A G 'H{Ei,Eo) (i.e. ~A generates a strongly continuous analytic semigroup 
on £^0 with D{A) = Ei) and define 



Then {E2, \\ ■ \\e2) is a Banach space, and E2 is densely embedded in Ei. We set 



where (•, ■)0 denotes the continuous interpolation method of Da Prato and Grisvard 
[5], see also [1, 2, 4, 12]. It is then well-known that Ag G HiEg, Ei+g), and it turns 
out that Ag gives rise to continuous maximal regularity. 

Theorem. (Da Prato-Grisvard) Suppose that 9 G (0,1), T > 0. Let J [0,r]. 
Then (Eo(J),Ei(J)) := {C{J, Eg),C^{J, Eg) n C{J,Ei+e)) is a pair of maximal 
regularity for Ag. 

Remark 2. (a) Maximal Regularity With Prescribed Singularity 

We demonstrate that Theorem 2.2 continues to hold in a more general setting, 
namely a space of continuous functions which allow for singularities at zero. These 
spaces have for instance been studied in [1, 2, 4]. This setting is well adapted for 
the study of quasilinear parabolic equations, see for instance [4, 11]. 

Assume that a G (0, 1), E is a. Banach space over IK ( = R or C), J = [0,T] for 
some T > 0, and we set J := J\ {0}. Then define 



E^-.^EM) ■■= {D{A'),\\- We,). 

■■= \\-\\E,iA) ■■= \\A-\\e, + \\-\\e,. 



Eg :— {Eo,Ei)g, 

Ei+g:=E,+giA):=iE,,E2{A))g, 
Ag := the maximal i?0-rcalization of A, 



0e (0,1), 




which is a Banach space when equipped with the norm 



||u||ci_„ supti--l|H(t)ll£, u e BUCi-^{J,E) 



(0,1). 



teJ 



Further we introduce the subspace 



BUCl_„{J,E) := {u e C\j,E) : il,u £ BUCi^^{J, E)}. 
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Now, given a pair of densely embedded Banach spaces (£'0, Ei) and a G (0, 1), we 
consider the pair of associated function spaces 

E„{J): = BUCi^M.E„), 

10) 

Ei{J):^BUCl^M,E„)nBUCi.,{J,Ei), 
where Ei(J) is a Banach space with the norm 

||u||ei(j) := supt^-m\u{t)\\E, + \Ht)\\E,). 

t£.j 

It is well-known that the trace space is then given by 7E1 = {Eo,Ei)cr, a G (0, 1), 
where (•, denotes the continuous interpolation method, see [12. Section 1.2.2] for 
instance. 

Corollary 1. Let {Eq, Ei) be a pair of densely embedded Banach spaces, J = [0, T] 
with T > 0, and A G B{Ei, Eq) a closed operator on Eq. If 

(Eo(J),Ei(J)) = {BUCi^M,Eo),BUCl_M,Eo)nBUCi^M,Ei)) 

is a pair of maximal regularity for A, for some a G (0,1], then A generates a strongly 
continuous analytic semigroup on Eq. 

Proof. The methods presented in the proof of Theorem 2.2 apply in this setting 
with minor modifications. We provide an outline of the proof in this case in order 
to illuminate the necessary modifications. For Claim 1, fix x G -Ei and define 
Vfi G Ei(J), G Eo(J) as before. Using the continuous embedding Ei ^ 7E1 we 
derive as above the inequality 

supti-'^e«-'^*(lM|||xl|o + \\x\U) < il/(supii-^ei^^^*||(M - A)x\\o + \\x\\i), 

which is the analog of (6) in this setting. Choosing uti so that 2M < supjgj t^^'^e^^*, 
we see that (7) holds as before. 

Meanwhile, for Claim 2 we consider w^j, U^^ and V^^ defined as above, for 
pL G C+. Recalling the continuity and embedding constants ci, C2, we see, for i G J, 

t'~^\\u-^mo < \K\\eo{J) < Ci||%||e,(J) < C2||^|1eo(J) < C2T'-^\\x\\o. 

This shows that (8) holds for i = T and the remainder of the proof follows exactly 
as in Theorem 2.2. □ 

(b) Lp Maximal Regularity 

For a given pair of densely embedded Banach spaces {Eo,Ei) one defines the pair 
of functions spaces 

E,{J): = WliJ,Eo)nLp{J,E,), 
EoiJ):^Lp{J,Eo). 

It is well-known that the trace space is then given by 7E1 = [Eq, Ei)i_i/p p. 

An inspection of the proof of Theorem 2.2 shows that the same methods apply 
to this Lp-maximal regularity setting, with minor modifications. Moreover, the 
methods presented herein considerably simplify the arguments in [7, 13]. 
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